We present the first lattice results on isovector unpolarized and longitudinally polarized parton distribution functions (PDFs) at physical pion mass. The PDFs are obtained using the largemomentum effective field theory (LaMET) framework where the full Bjorken-x dependence of finite-momentum PDFs, called "quasi-PDFs", can be calculated on the lattice. The quasi-PDF nucleon matrix elements are renormalized nonperturbatively in RI/MOM-scheme. However, the recent renormalized quasi-PDFs suffer from unphysical oscillations that alter the shape of the true distribution as a function of Bjorken-x. In this paper, we propose two possible solutions to overcome this problem, and demonstrate the efficacy of the methods on the 2+1+1-flavor lattice data at physical pion mass with lattice spacing 0.09 fm and volume (5.76 fm)
Parton distribution functions (PDFs) are universal nonperturbative properties of the nucleon which describe the probability densities of quarks and gluons seen by an observer moving at the speed of light relative to the hadron. The unpolarized PDFs can be used as inputs to predict cross sections in high-energy scattering experiments, one of the major successes of QCD. These distributions can be extracted through global analysis using multiple experiments by factorizing the hard-scattering cross sections into the PDFs and short-distance matrix elements that are calculable in perturbation theory. Today, multiple collaborations provide regular updates concerning the phenomenological determination of the PDFs [1] [2] [3] [4] [5] [6] using the latest experimental results, from mediumenergy QCD experiments at Jefferson Lab in the US to high-energy collisions at the LHC in Europe. Progress has also been made in polarized PDF using data from RHIC at Brookhaven National Lab, the COMPASS experiment at CERN; further progress would be made at the proposed electron-ion collider (EIC). After the past half century of effort in both theory and experiment, our knowledge of PDFs has greatly advanced. However, as the experiments get more precise, the precision needed in PDFs to make Standard-Model (SM) predictions has increased significantly too. Current and planned experiments (such the EIC) will go further into unexplored or less-known regions, such as sea-quark and gluonic structure. We would like to explore these unknown regions using first-principles calculation from the Standard Model in lattice QCD. * hwlin@pa.msu.edu A new approach for the direct computation of the x-dependence of PDFs on the lattice was proposed by Ji [7, 8] : large-momentum effective theory (LaMET), where lightcone PDFs can be obtained by approaching the infinite-momentum frame (IMF). Prior to this development, lattice QCD was limited to calculating charges and various leading moments of nucleon matrix elements, integrals of the PDFs, through the operator product expansion (OPE). In LaMET on the lattice, we start by calculating the "quasi-PDF"q with a nucleon moving along the z direction with finite-momentum P z . The quasi-PDF is an integral over matrix elements h with a spatial correlation of partons,
whereμ is the renormalization scale in a chosen renormalization scheme. The boosted-nucleon matrix elements are
for Γ = γ z or γ t for unpolarized case. To obtain polarized PDFs, ∆q, we calculate ∆h(z) as in Eq. 2 with Γ = γ 5 γ z . Note that the quasi-PDF depends nontrivially on the nucleon momentum P z , unlike the lightcone PDF. Within LaMET framework, the lightcone PDFs can be matched to the quasi-PDF through a factorization formula [7, 8] :
where M N is the nucleon of mass, C is the matching kernel, and the
terms are power corrections suppressed by the nucleon momentum. Here, q(y, µ) for negative y corresponds to the antiquark contribution. Refs. [7] [8] [9] showq and q have the same infrared (IR) divergences; therefore, the matching kernel C only depends on ultraviolet (UV) physics and can be calculated in perturbative QCD [9, 10] . Since Ji's proposal in 2013, there have been many follow-up works concerning the quasi-PDFs. On the lattice side, there have been many lattice-QCD calculations of the nucleon isovector quark distributions [11] [12] [13] [14] [15] [16] [17] [18] including the unpolarized, polarized and transversity cases and variations of the quasi-PDF methods. Recently, there have also been a number of works on quasi-PDFs renormalization [17] [18] [19] [20] [21] [22] [23] [24] [25] .
Recent renormalized quasi-PDF studies have shown oscillatory behavior [17, 18] that is significantly distorting the true distribution, especially in the antiquark region. This happens due to the renormalization constants' enhancement of the large-z matrix elements through exponential counter-term; in the bare quasi-PDF it is less severe. This issue was briefly mentioned in Ref. [17] and the z-truncated and inverse Fourier-transformed central value of the CJ15 PDFs [26] , nucleon matrix elements h(z)
CJ15 are compared with the RI/MOM renormalized lattice ones h(z)
lattice . Due to the nature of the the global-fit parametrization of xf (x), where f is the valence up/down distribution {u, d} v (x) with f (x) parametrized as x an (1 − x) bn P (x) and P (x) a polynomial in x, when one takes the isovector combination, x(u(x) − d(x)) (or the antiquark combination), it does not necessarily go to zero as individual quark components would. As a result, it is not surprising to see divergence in u(x) − d(x) for x near 0, and the same is true for the antiquark distribution. Due to this behavior, h(z) CJ15 has nonvanishing values at large z far beyond the size of the largest currently available lattices. Similarly, the matrix elements h(z) CJ15 near z = 0 correspond to the large-x region, where most global analyses either rely on extrapolation or have to handle nuclear corrections, as CJ15 does; this introduces theory uncertainty to the global analysis. It was suggested in Ref. [17] that the lattice data may have mixing with higher-twist operators in the large-z region and that going to higher nucleon boosted momenta P z would reduce the z range needed to reconstruct the quasiPDFs.
In this paper, we take the CT14 NNLO PDF [4] where the errors for the isovector quark distribution have been properly taken into account and investigate these issues. First, we transform the CT14 PDF without any mass correction to h(z) CT14 using momenta P z = {4, 8, 12, 24}π/L with L = 5.76 fm, the lattice spatial length. Figure 1 shows the error in the PDF propagated accordingly, and we see the expected nonvanishing matrix elements at large z, especially the imaginary matrix elements, as expected. In the bottom rows of Fig. 1 , we see similar matrix elements but plotted as a function of zP z (as in Ref. [17] ); since there is no nucleon-mass correction nor higher-twist effects here, the data points all lie on top of each other. If the small-x region of the PDF is really as divergent as the global PDF extrapolation, we will need an alternative approach to be able to calculate small-x PDFs in lattice calculations.
Using the ideal pseudo-data h(z) CT14 , we can start to investigate the sources of the unphysical oscillations in the lattice quasi-PDFs and seek ways to improve or remove them. First, we study the oscillatory behavior as functions of the boosted momentum inputs. The lefthand side of Fig. 2 shows the transform of h(z, P z ) CT14 using the quasi-PDF formulation with a z cutoff of 32, half of the lattice spatial size we used at the physical pion mass. One can clearly see that the oscillatory behavior worsens as the P z used in the calculation increases. This also indicates that the oscillations are purely an artifact coming from the truncation of the Fourier transformation. Let us focus on the oscillatory behavior of the PDFs at the largest P z = 24π/L here. We transform the h(z, P z = 24π/L) CT14 using the quasi-PDF formulation with different z max cutoffs {10, 20, 40, 80}, as shown in the right-hand side of Fig. 2 . The smaller-z cutoffs have milder oscillatory contamination of the resulting PDFs; however, the larger-z cutoff recovers better small-x PDFs though the oscillation is more severe. We need a better way to recover as much of the true distribution as possible.
One solution proposed here is to remove these oscillations by means of a low-pass filter. Note that such a filter should be P z dependent, and one can carefully tune the function that best recovers the true PDF from a selected set of PDFs as guidelines. Here, we demonstrate one possible filter formulation; one should keep in mind that there are many possible solutions, and we should continue exploring to find the most robust way to remove the unphysical oscillations from the quasi-PDFs. We propose a hat-shaped filter in z constructed using the sigmoidal error functions:
For F (36, 24), the filter shape is shown in the upper-left corner of Fig. 3 . For comparison, we show in orange the filter F (32, 1), which is close to a simple z max cutoff in the quasi-PDFs transformation. The lower rows of Fig. 3 show how the filter alters the matrix elements; the smoother transition to zero at larger z plays an important role in removing the unphysical oscillation. The quasi-PDFs corresponding to these filtered matrix elements are shown in the upper-right of Fig. 3 . There is definite a reduction in the oscillatory behavior and significant improvement in recovering the medium to large-x region of the PDFs. One can recover the PDFs up to x = 0.1 region. We expect to test the filter function on the known PDFs through similar exercises in this work, then use the same function on lattice data; the mismatch region Re(ME z ) z Im(ME z ) Re(ME z ) between the original PDFs and the quasi-PDFs tells us where lattice systematics are present.
Another proposal suggested in this paper is the "derivative" method; this should not only remove the unphysical oscillation but also allow us to reach smaller x for the PDFs. This is essential, since the current knowledge of the x < 0.001 region may not be reliable; if there is indeed a divergence in the true distribution, the lattice data should be able to address it without compromising the predictive power. For example, most of our nucleon matrix elements h(x) lattice go to zero at large z; if we manually set the large-z value to h(z, P z ) CT14 or parametrize in similar manner, we will only reproduce the PDF results. To take into account the potential nonvanishing of h(z) at infinite values of z, we take the derivative of the nucleon matrix elements h (z) = (h(z + 1) − h(z − 1))/2. The Fourier expansion of this derivative differs from the original in a known way:
The upper row of Fig. 4 shows real (left) and imaginary (right) parts of h (z) as functions of the nucleon momentum P z . Here, we drop the error propagation of the PDFs, since the correlations introduced by transforming the pseudo-data becomes degenerate under the derivative. This does not affect our investigation, since we know the central value of our final quasi-PDF will reproduce the original CT14 one. It is expected that the real (imaginary) derivative matrix elements are antisymmetric (symmetric) with respect to z = 0. The peaks are sharper for larger P z . The quasi-PDFs using the derivative method (and a filter F (32, 1) ) are shown in the bottom-left of Fig. 4 . The derivative-method PDFs have not only no unphysical oscillation without any filter function needed, but also recover most of the positive-x region parton distribution for P z > 4π/L. For the antiquark region, however, we find the sensitive P z dependence in recovering the small-x PDFs. With the largest nucleon momentum P z = 24π/L, we can recover the antiquark distribution up to x = −0.05. If we apply a soft filter or increase z lim , it does not make noticeable changes in the distribution with P z > 4π/L. Lastly, we compare the PDF obtained from the filter and derivative methods, shown in the bottom-right of Fig. 4 using P z = 24π/L. The derivative method (slightly more complicated to implement) recovers the smaller-x region better: 0.1 vs 0.05. Since real lattice data will have worse signal-to-noise ratios than these pseudo-data, one in principle should try both approaches to see which one works better with the data qualities, reliability of matrix elements obtained in larger z regions, and other issues to address.
We apply the improved PDFs methods to the lattice nucleon matrix elements from clover-on-HISQ lattices [27, 28] and concentrate on the a = 0.09 fm 135-MeV pion-mass ensemble with lattice spatial length 5.76 fm. The nucleon matrix elements are generated using P z = {4, 8, 12}π/L with a 2 × 2 matrix of standard Gaussian sources and statistics of 2562 measurements each. Two values of source-sink separation, 0.9 fm and 1.08 fm, are used to account for the excited-state contamination using two-state fits [29, 30] . The rest of the unpolarized and polarized lattice calculations and RI/MOM-scheme setup are similar to our previous calculations [11, 13, 17] . Figure 5 shows results from the quark density (unpolarized) and helicity (polarized) distributions along with selected PDFs, CT14 NNLO [4] at 2 GeV, NNPDFpol1.1 [31] and JAM [32] at 1 GeV. To demonstrate that these two methods work for real lattice data, we use derivative (filter) method for unpolarized (polarized) PDFs. Our previous work [17] shows the RI/MOM matching to MS scheme at 2 GeV is close to 1, and the distribution at 1-2 GeV is small compared with the signal-to-noise ratios here. In both cases, the distribution in the larger-x region is slightly larger than the global PDFs; it may not be surprising to see this outcome, since the leading moments x and ∆x from current lattice calculations are around 50% larger than global-fit PDF values [33] . This seems to be what we observe here too. Note that d(x)/u(x) in the global PDF analysis is still an issue in the larger-x region where the uncertainties are larger and there are discrepencies between different groups. It will take effort from both communities to resolve this discrepancy in moment calculations. We plan to study P z = 24π/L matrix elements in a future calculation and increase the statistics by a couple orders of magnitude to improve upon the current calculations. 
